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Effect of the accelerating growth of communications networks on their structure
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Motivated by data on the evolution of the Internet and World Wide Web we consider scenarios of self-
organization of nonlinearly growing networks into free-scale structures. We find that the accelerating growth of
networks establishes their structure. For growing networks with preferential linking and increasing density of
links, two scenarios are possible. In one of them, the value of the exponentg of the distribution of the number
of incoming links is between 3/2 and 2. In the other scenario,g.2 and the distribution is necessarily
nonstationary.
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The incredible place of the Internet in our civilizatio
evokes the exponentially increasing flow of the studies
evolving networks~Internet, World Wide Web, nets of cita
tions, collaboration networks, etc.! @1–10#. The study of
communications networks has a long history~e.g., see the
papers of ‘‘the father’’ of the Internet, Baran@11#!. Never-
theless, the first data on the structure of the Internet, W
etc. were obtained only recently@1–3,12–14#. Most of them
are on the simplest ‘‘one-site’’ characteristic of network
site degree distribution. Site degree is the number of conn
tions of a site. The observation of power-law dependence
site degree distribution in these networks puts forward
question, How can a growing network organize itself into
scale-free structure?

The most natural mechanism of such self-organization
the network growth with preferential attachment of new lin
to sites with a high number of connections@6,12,15#. There
are several ways to introduce the preferential linking t
lead to different values of scaling exponents of site deg
distribution inside of a huge interval@16–18#. Nevertheless,
it is still unclear why the exponents of real systems ha
their specific values, and why the degree distributions h
their specific forms.

The last data on the Internet evolution demonstrate
the total number of links increases more quickly than
number of sites@13#. For instance, the study of the inte
domain topology of the Internet@13# has shown that the re
lation of the edges and the nodes equaled 1.71 in Novem
of 1997 ~3015 nodes! and 1.88 in December of 1998~8256
nodes!. The number of pages in the World Wide Web w
2033106 with 14663106 links between them in May 1999
~the corresponding ratio is 7.22) and it was already 2
3106 pages and 21303106 links in October 1999~the ratio
is 7.86) @14#. This looks quite natural, as old sites may e
tablish new connections all the time. Old documents on
Web may be updated and new references may be adde
them. Collaboration networks@8,10# become more dens
while growing due to the increasing possibility of findin
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collaborators. Thus, we certainly face a wide spread sit
tion: the density of links of a network becomes higher a
higher during its evolution, the total number of links grow
faster than the number of sites, the growth is nonlinear,
accelerating.

This very significant factor is omitted in most of the co
sidered models@6,12,15–18#. One may ask: What is the ef
fect of the accelerating growth on the structure of the n
works? What kind of acceleration produces scale-f
networks? What is the form of the degree distribution in su
networks?

In the present Rapid Communication, we consider th
problems using general arguments. Assuming that the
works are scale-free, we describe possible degree distr
tions and show that, in this case, the total number of links
a power-law function of the network size. We introdu
simple models with preferential linking accounting for th
accelerated growth and study their evolution both anal
cally using the continuous approach@15,16,18# and by simu-
lation. The arising distributions cover the range of the for
predicted from the general considerations. Also, we find
situation in which the flow of new links, increasing via
power law, takes the growing network out of the class
free-scale structures.

We start from general considerations. In scale-free n
works, a wide range of the degree distribution function is
the power-law form,P(q)}q2g. It will be clear from the
following that, to keep the network in the class of free-sc
nets, the flow of new links has to be a power function of t
number of sites of the network that plays the role of tim
i.e., be proportional tota.

First, let us assume that the exponent of the distributio
less than 2. The reasonable range is 1,g,2. To produce
the restricted average degree~that is proportional tota), the
distribution has to have a cut-off at largeq. Its natural value
is of the order of the total number of sites, which is propo
tional to ta11, although other situations are also possible
is also clear from the following that, if the distribution i
nonstationary, the degree distribution of scale-free netwo
has to be of the formtzq2g, betweenq;tx and q;ta11,
wherez andx are some exponents. It is a restricted functi
in the range belowq;tx. z>0 since the network grows
©2001 The American Physical Society01-1
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From the normalization condition,*0
`dq P(q,t)51, we get

x5z/(g21). The average degree of the network,q̄, is of the

order ta11/t, then ta;* ta11
dq q tzq2g;tz1(22g)(a11) ~the

value of the integral is defined by its upper limit!. Therefore,
a5z1(22g)(a11), and, finally,g511(11z)/(11a).
One sees thatz,a to keepg below 2 as it was assumed
Also, one sees that the lower boundary forg, 111/(1
1a), is approached for stationary distribution,z50. In this
case, the distribution form is completely fixed by the acc
erating growth, the exponentg depends only ona.

Obviously,a cannot exceed 1~the total number of links
has to be smaller thant2/2 since one may forbid multiple
links!. Hence,g.3/2. The valuea50 corresponds to per
manent density of links@16#. The density of connections in
real networks remains rather low all the time@13#, so one
may reasonably assume thata is small. Therefore, the lowe
boundary of the possible values ofg is close to 2.

The other possibility isg.2. In this case, againx
5z/(g21) but the integral for the average degree is defin
by its lower limit, ta;* tz(g21)dq q tzq2g;tz2zg22)/(g21).
Hence,g511z/a, andz.a. Thus, we have described th
possible forms of the degree distribution.

Let us demonstrate how these distributions may arise
the nonlinearly growing networks with the preferential lin
ing. We do not restrict ourselves to some model genera
increasing flow of new links dynamically in the process
the growth, since it would narrow the range of possible
pendences on time for this flow.~We do not discuss her
possible mechanisms of such generation. One of them
considered in Ref.@19#.! Instead of that, we prefer to intro
duce this dependenceab initio.

Let us introduce the following simple model of a growin
network withdirected links. We consider only the distribu
tion of incoming links, so, here, in-degree is the number
incoming linksqs of the sites. At each increment of time, a
new site is added to the network. Let its initial in-degree
n, wheren>0. This means that it hasn incoming links from
some nonspecified old sites. Let extrac0ta new directed
links be distributed between old sites. We assume that e
of these links goes out from a nonspecified site and is
rected to some sites chosen with probability proportional to
the sum of its in-degree and some constant,qs1A. Here, the
sumn1A characterizes the initial ‘‘attractiveness’’ of a si
for new links @16#. It has to be positive.

In fact, we generalize the model@16# to the case of the
increasing number of new links. The introduced power-l
dependence of the number of new links keeps the networ
the class of free-scale networks but changes crucially
in-degree distribution.

We use the continuous approach@15,16,18#, which gives
exact values for the scaling exponents of such systems
was demonstrated in@16#. Each site is labeled by the time o
its birth, 0,s<t. The in-degree distribution of the sites in
the continuous approximation is of the formp(q,s,t)5d„q
2q̄(s,t)… @16#, whered@ # is thed-function andq̄(s,t) is the
average in-degree of the sites at time t. Then,
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]q̄~s,t !

]t
5c0 ta

q̄~s,t !1A

E
0

t

du@ q̄~u,t !1A#

, ~1!

q̄(0,0)50, q̄(t,t)5n. Equation~1! describes distribution of
flow of new links between sites according the introduc
rules. Applying *0

t ds to both sides of Eq.~1!, one gets

*0
t du q̄(u,t)5nt1c0ta11/(a11), and accounting for the

boundary condition,q̄(t,t)5n, we obtain the solution,

q̄~s,t !1A

n1A
5F 11~n1A!~11a!t2a/c0

11~n1A!~11a!s2a/c0
G 111/aS s

t D
2(a11)

.

~2!

In the interval@(n1A)(11a)/c0#1/a!s!t, we get

q̄~s,t !5~n1A!S s

t D
2(a11)

. ~3!

Thus, the exponentb, defined by the relationq̄(s,t)}s2b,
equals 11a and is greater than 1. The dependence,q̄(s),
becomes constant,

q̄~s,t !5~n1A!21/aS c0

11a D 111/a

ta11, ~4!

for s!@(n1A)(11a)/c0#1/a. One may compare this resu
with the total number of links in the network,N(t)
'c0ta11/(11a).

In the continuous approximation, one may easily find t
distributionP(q,t) using the obtainedq̄(s,t),

P~q,t !5
1

t E0

t

ds p~q,s,t !5
1

t E0

t

dsd„q2q̄~s,t !…

52
1

t
S ]q̄~s,t !

]s
D 21

. ~5!

Therefore, in the region 1!q/(n1A)!$c0 /@(n1A)(1
1a)#%111/at11a, the in-degree distribution has the follow
ing form:

P~q,t !5
~n1A!1/(11a)

11a
q2[111/(11a)] . ~6!

Thus, we obtain the stationary in-degree distribution,P(q)
}q2g, with g5111/(11a) that belongs to one of the type
described above.

The last result follows also from the relationb(g21)
51 between the scaling exponents, which may be obtai
from the assumption thatq̄(s,t) and P(q,t) are power-law
functions of s and q correspondingly@16#. Note that, if A
→`, the network is out of the class of scale-free netwo
for any a>0.

The introduction of the increasing flow of new links in th
problem crucially changes in-degree distribution. Indeed
the case of a constant density of links,g varies from 2 tò
depending on the network parameters,n andA @16#, and the
1-2
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values of the exponentb are between 0 and 1. Here, for th
increasing density of links, we obtaing below 2, and the
exponentb exceeds 1. The values of the exponents are
dependent ofn andA.

To demonstrate the other possibility,g.2, we consider
below the model with a different rule of distribution of ne
links. We make the only change in the studied above mo
Let now a new link be directed at some sites with probabil-
ity proportional to qs(t)/q̄(t)1B, where qs(t) is the in-
degree of the sites, q̄(t) is average in-degree of sites of th
network, andB is some positive constant.q̄(t)>c0ta/(1
1a), so new links are distributed between sites with pro
ability proportional toqs(t)1Bc0ta/(11a), wherea0 is a
positive constant. Hence, the previously introducedA be-
comes time-dependent.

Repeating the previous calculations, one gets

]q̄~s,t !

]t
5c0ta

q̄~s,t !1Bc0ta/~11a!

nt1Bc0ta11/~11a!1c0ta11/~a11!
,

~7!

with the boundary conditionq̄(t,t)5n. At long times, one
obtains

]q̄~s,t !

]t
5

11a

11B

q̄~s,t !1Bc0ta/~11a!

t
. ~8!

The solution of Eq.~8! is

q̄~s,t !5Fn1
Bc0sa

12Ba G S s

t D
2(11a)/(11B)

2
Bc0ta

12Ba
. ~9!

If B50, we obtain the previous result,b511a. For sa

@n(12Ba)/(Bc0),

q̄~s,t !'
Bc0ta

12Ba H S s

t D
a2(11a)/(11B)

21J . ~10!

Therefore, the scaling exponents of the growing network
b5(11a)/(11B)2a5(12Ba)/(11B) and g5111/b
511@(11a)/(11B)2a#21521B(11a)/(12Ba). The
in-degree distribution differs sharply from the distributio
obtained for the previous model. It is nonstationary and is
the form P(q,t);t211(11a)(12Ba)q2[11(11B)/(12Ba)] for q

FIG. 1. Phase diagram of the networks with the accelera
growth under consideration. The networks are out of the clas
scale-free nets~‘‘exponential’’! above the linea51/B. The expo-
nent g equals 3 on the dashed line and 2.1~value for the World
Wide Web! on the dash-dotted one.g,2 on the lineB50.
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@ta. In this case,b,1 andg.2 for any positivea andB.
The scaling regime is realized ifBa,1. The general phase
diagram for both considered models is shown in Fig. 1.

Note that, in both of the considered cases, one canno
a50 directly in the obtained expression for the scaling e
ponents. In such a situation, we get from Eqs.~1! or ~7! b
5@11(A1n)/c0#21 andg521(A1n)/c0 @16#.

It is known that the used continuous approach gives ex
results for the scaling exponents of the growing netwo
with a constant density of connections@16#. Nevertheless, it
is approximate, so we have checked the obtained above
sults by simulation.

The results of the simulation of the considered models
shown in Figs. 2 and 3. The size of networks in both ca
studied is 10 000 sites. The number of the attempts eq
1000. In Fig. 2, we present the log-log plots of the avera
in-degree versus the number of a site fora50.5, n51, A
51.0, c051.0 ~ the first model! and for a50.5, n51, B
50.15,c051.0 ~the second one!. In Fig. 3, for these values
of parameters of the models, we show the log-log plots of
in-degree distribution.

g
of

FIG. 2. Log-log plot of the average in-degree of a site~number
of incoming links! vs its number~birth time! for the considered
models. For the first model,a50.5, n51, A51.0, andc051.0.
For the second model,a50.5, n51, B50.15, andc051.0. The
dashed lines have the slopes equal to the values of the sc
exponentb obtained analytically.

FIG. 3. Log-log plot of the cumulative distribution of a numb
of incoming links of sites for the considered models. For the fi
model,a50.5, n51, A51.0, andc051.0. For the second mode
a50.5, n51, B50.15, andc051.0. The dashed lines have th
slopes equal to the values of the scaling exponentg obtained ana-
lytically minus 1. For better presentation, the dependences are
placed along the vertical axis.
1-3
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The obtained values of the scaling exponents are wi
the error of the simulation from the corresponding on
found analytically. The valuesb51.46 (1.5) are obtained
from the simulation and analytically~in brackets! for the first
model with the written out parameters,b50.85 (0.804) are
the corresponding values for the second model.g51.70
(1.667) andg52.19 (2.243) are the values of the critic
exponent of the in-degree distribution obtained for the fi
and second models, relatively. One may see that the co
spondence is really good.

The measured value of the scaling exponent of the dis
bution of incoming links in the World Wide Web isg52.1
@2,12,14# ~as far as we know, any data on the exponentb are
absent yet!. As we have noted, one may assume reasona
that a is small in the real networks. We have shown that,
such a situation, the lower boundary for the possible val
of g is slightly below 2. We have demonstrated that, forg
.2, the in-degree distribution has to be nonstationary if
growth of the network is accelerating. There are no data
indicate whether the degree distributions of the World W
Web and the Internet are stationary or not. Our results m
this question intriguing.

The World Wide Web is still in the initial stage of it
evolution. Perhaps, the parameters of the accelerating gro
will change. In this case, our answers demonstrate the
e,

y,

t-
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sibility of changing ofg. We have shown that it may becom
even less than 2 in the future.

To demonstrate all of the existing possibilities, we ha
considered the models of growing networks with the parti
lar rules of preferential attachment of new links. These m
els cover the range of possibilities but provide us only w
particular values of the scaling exponents. Of course, th
exist additional factors~aging@18# and dying@7,18# of sites,
etc.! that may change these values.

In summary, we have studied the nonlinear, accelera
growth of the scale-free networks. We have demonstra
that it can be one of the most significant factors defining th
structure. We have described the possible in-degree distr
tions of such networks and have fixed the lower boundary
the scaling exponentg. Only a power-law time-dependenc
of the input flow of new links can keep the network inside
the class of scale-free networks. Nevertheless, we have fo
the region of parameters in which the scale-free structur
impossible. Our results demonstrate the possibility of qu
different scenarios of network evolution.
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